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a b s t r a c t
In this paper, we study the extinction and decay estimates under suitable Lp-integral norm
of solutions to the initial–boundary value problem for the fast diffusion doubly degenerate
equation ut = div(| ∇um |p−2 ∇um)+λ | u |q−1 u−βu,where (x, t) ∈ Ω× (0,+∞), 1 <
p < 2, 0 < m(p − 1) ≤ q < 1, λ > 0, β > 0, and Ω ⊂ RN is a bounded domain with
smooth boundary.
© 2012 Elsevier Ltd. All rights reserved.
1. Introduction
In this work, we consider the initial–boundary value problem for the fast diffusion doubly degenerate equation
ut = div(|∇um|p−2∇um)+ λ|u|q−1u− βu, (x, t) ∈ Ω × (0,+∞), (1.1)
u(x, t) = 0, (x, t) ∈ ∂Ω × (0,+∞), (1.2)
u(x, 0) = u0(x) ≥ 0, x ∈ Ω¯, (1.3)
with 1 < p < 2, 0 < m(p− 1) ≤ q < 1, λ > 0, β > 0, whereΩ ⊂ RN is a bounded domain with smooth boundary.
The extinction of a solution for the nonlinear equation is widely applied in many fields, such as biological evolution and
material combustion processes (see [1–3]). Recently, Friedman et al. considered the initial–boundary value problem for the
heat equation with absorption, which corresponds to m(p − 1) = 1, λ < 0, β = 0, and they proved that the solution will
become extinct in finite time T ; see [4,5]. When p = 2, λ = −1, β = 0, using analysis of the second type of self-similar
solution, Vazquez et al. considered the extinction behavior for it in [6], where 0 < m, q < 1. Yuan et al. discussed extinction
and positivity for the evolution p-Laplacian equation in one space dimension when m = 1, λ = β = 0, with initial value
u0(x) ∈ L1(Ω) and zero-boundary-value conditions, where p > 1. They obtained the necessary and sufficient condition for
extinction; see [7]. For λ = 0, β = 0, they proved that the weak solution will be extinct when 0 < m(p− 1) ≤ 1 and will
be positive when m(p − 1) > 1 for large t , where m > 0; see [8]. For more qualitative properties of the porous medium
equations, p-Laplacian equations and doubly degenerate equations, we refer the reader to [9–17] and the references therein
for details.
The purpose of the present work is to establish the sufficient conditions for the extinction and decay estimations under a
suitable Lp-integral norm of the solutions for problem (1.1)–(1.3). In the case of the critical exponent q = m(p− 1), the first
eigenvalue of the p-Laplacian elliptic operator with the homogeneous boundary condition plays an important role in our
proof. We will use the Lp-integral norm estimate methods, including two crucial lemmas achieved by the method of upper
and lower solutions, to prove our results. As to the proofs of the two lemmas, we will not repeat them again; see [9–11].
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The outline of the work is as follows. In Section 2, we give our main results and two lemmas which are used in the proofs
of the main results. In Section 3, we will present the detailed proofs for our main results.
2. The main results
First of all, we introduce two lemmas which are obtained by the method of upper and lower solutions.
Lemma 1 ([10,11]). Suppose y(t) ≥ 0 is a solution of the following differential inequality:
dy
dt
+ Cyk + βy ≤ 0(t ≥ 0), y(T0) ≥ 0, (2.1)
where C, β > 0 are constants and k ∈ (0, 1). Then there is an exponential decay estimation
y(t) ≤

y(T0)1−k + C
β

e(k−1)β(t−T0) − C
β
 1
1−k
, t ∈ [T0, T∗), (2.2)
y(t) ≡ 0, t ∈ [T∗,+∞), (2.3)
where T∗ = 1(1−k)β ln(1+ βC y(T0)1−k).
Lemma 2 ([9,11]). Suppose 0 < k < p, and y(t) ≥ 0 is a solution of the following differential inequality:
dy
dt
+ Cyk + βy ≤ γ yp(t ≥ 0), y(T0) ≥ 0, (2.4)
where C, β, γ > 0 and k ∈ (0, 1). Then there exist α > β, B > 0 such that
0 ≤ y(t) ≤ Be−αt , t ≥ 0. (2.5)
Using Lp-integral norm estimate methods and the two lemmas mentioned above, we will find the sufficient conditions
for the extinction and the decay estimations under suitable Lp-integral norm for the problem (1.1)–(1.3). Our main results
read as follows.
Theorem 1. Assume that 0 ≤ u0(x) ∈ L∞(Ω)∩W 1,p0 (Ω), 1 < p < 2, q = m(p−1), 0 < q < 1, and λ1 is the first eigenvalue
of
−div(|∇ϕ|p−2∇ϕ) = λ|ϕ|p−1, ϕ|∂Ω = 0.
(1) If N ≥ 2,m(p − 1) ≥ N−2N+2 with λ < km
p−1pp
[m(p−1)+k]p λ1, then the weak solution of problem (1.1)–(1.3) vanishes in finite time,
and
∥u(·, t)∥k+1 ≤

∥u0∥1−m(p−1)k+1 +
C1
β

e[m(p−1)−1]βt − C1
β
 1
1−m(p−1)
, t ∈ [0, T1),
∥u(·, t)∥k+1 ≡ 0, t ∈ [T1,∞),
where T1 = 1[1−m(p−1)]β ln(1+ βC1 ∥u0∥
1−m(p−1)
k+1 ), k = 2m(p−1)+2p − 1.
(2) If N ≥ 2, 0 < m(p − 1) < N−2N+2 with λ < rm
p−1pp
[m(p−1)+r]p λ1, then the weak solution of problem (1.1)–(1.3) vanishes in finite
time, and
∥u(·, t)∥r+1 ≤

∥u0∥1−m(p−1)r+1 +
C3
β

e[m(p−1)−1]βt − C3
β
 1
1−m(p−1)
, t ∈ [0, T2),
∥u(·, t)∥r+1 ≡ 0, t ∈ [T2,∞),
where T2 = 1[1−m(p−1)]β ln(1+ βC3 ∥u0∥
1−m(p−1)
r+1 ), r = N−p−Nm(p−1)p .
(3) If N = 1 and λ < mp−1pp[m(p−1)+1]p λ1, then the weak solution of problem (1.1)–(1.3) vanishes in finite time, and
∥u(·, t)∥2 ≤

∥u0∥1−m(p−1)2 +
C3
β

e[m(p−1)−1]βt − C3
β
 1
1−m(p−1)
, t ∈ [0, T3),
∥u(·, t)∥2 ≡ 0, t ∈ [T3,∞),
where T3 = 1[1−m(p−1)]β ln(1+ βC3 ∥u0∥
1−m(p−1)
2 ).
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Theorem 2. Assume 0 ≤ u0(x) ∈ L∞(Ω) ∩ W 1,p0 (Ω), 1 < p < 2, 0 < m(p − 1) < q < 1; then the weak solution of the
initial–boundary value problem (1.1)–(1.3) vanishes in finite time, and:
(1) If N ≥ 2, we have
∥u(·, t)∥k+1 ≤ B1e−α1t , t ∈ [0, T4),
∥u(·, t)∥k+1 ≤

∥u(·, T4)∥1−m(p−1)k+1 +
C5
β

e[m(p−1)−1]β(t−T4) − C5
β
 1
1−m(p−1)
, t ∈ [T4, T5),
∥u(·, t)∥k+1 ≡ 0, t ∈ [T5,+∞),
for m(p− 1) ≥ N−2N+2 , where k = 2m(p−1)+2p − 1, and
∥u(·, t)∥r+1 ≤ B2e−α2t , t ∈ [0, T6),
∥u(·, t)∥r+1 ≤

∥u(·, T6)∥1−m(p−1)r+1 +
C7
β

e[m(p−1)−1]β(t−T6) − C7
β
 1
1−m(p−1)
, t ∈ [T6, T7),
∥u(·, t)∥r+1 ≡ 0, t ∈ [T7,+∞),
for 0 < m(p− 1) < N−2N+2 , where r = N−p−Nm(p−1)p , and T5, T7, C5, C7 are given by (3.31), (3.39), (3.29), (3.37).
(2) If N = 1, we have
∥u(·, t)∥2 ≤ B3e−α3t , t ∈ [0, T8),
∥u(·, t)∥2 ≤

∥u(·, T8)∥1−m(p−1)2 +
C9
β

e[m(p−1)−1]β(t−T8) − C9
β
 1
1−m(p−1)
, t ∈ [T8, T9),
∥u(·, t)∥2 ≡ 0, t ∈ [T9,+∞),
where C9, T9 are given by (3.47), (3.49).
Remark 1. In fact, through a slight change of the proofs of Theorems 1 and 2, we can obtain that the behavior of the solution
of problem (1.1)–(1.3) will also change if the coefficients of the nonlinear source term and linear absorption term change
signs. For instance, if λ < 0, β > 0, the non-negative weak solution of problem (1.1)–(1.3) vanishes in finite time for any
non-negative initial data; if λ < 0, β < 0, the non-negative weak solution of problem (1.1)–(1.3) vanishes in finite time
provided that u0 or k is appropriately small, especially that when N ≥ 2,m(p− 1) ≥ N−2N+2 , the non-negative weak solution
of problem (1.1)–(1.3), also vanishes in finite time provided that |Ω| is appropriately small. Moreover, when λ > 0, β < 0,
the non-negative weak solution of problem (1.1)–(1.3) blows up in infinite time for any non-negative initial data provided
that they are appropriately small; see [17].
3. Proofs of the theorems
In this section, we give the detailed proofs for our main results.
Firstly, we give the proof of Theorem 1.
Proof. (1) If N ≥ 2,m(p−1) ≥ N−2N+2 , taking k = 2m(p−1)+2p −1 andmultiplying (1.1) by uk, and integrating overΩ , we have
1
k+ 1
d
dt
∥u∥k+1k+1 +
kmp−1pp
[m(p− 1)+ k]p
∇um(p−1)+kp p
p
= λ∥u∥m(p−1)+km(p−1)+k − β∥u∥k+1k+1. (3.1)
Since λ1 = inf0≠v∈W1,p0 (Ω)

Ω |∇v|p dx
Ω |v|p dx , (3.1) turns into
1
k+ 1
d
dt
∥u∥k+1k+1 +

kmp−1pp
[m(p− 1)+ k]p −
λ
λ1
∇um(p−1)+kp p
p
+ β∥u∥k+1k+1 ≤ 0. (3.2)
Using the Sobolev embedding theorem, we obtainum(p−1)+kp pNp
N−p
≤ γ p
∇um(p−1)+kp p
p
, (3.3)
where γ > 0 is the embedding constant.
Using Hölder’s inequality, we infer
∥u∥m(p−1)+kk+1 ≤ |Ω|
m(p−1)+k
k+1 − N−pN
um(p−1)+kp pNp
N−p
. (3.4)
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By (3.3), (3.4), we deduce
γ−p|Ω| N−pN −m(p−1)+kk+1 ∥u∥m(p−1)+kk+1 ≤
∇um(p−1)+kp p
p
. (3.5)
Using (3.2), (3.5), we infer
d
dt
∥u∥k+1 + C1∥u∥m(p−1)k+1 + β∥u∥k+1 ≤ 0, (3.6)
where
C1 =

kmp−1pp
[m(p− 1)+ k]p −
λ
λ1

γ−p|Ω| N−pN −m(p−1)+kk+1 . (3.7)
Setting y(t) = ∥u(·, t)∥k+1, y(0) = ∥u0(·)∥k+1, and using Lemma 1, we have
∥u(·, t)∥k+1 ≤

∥u0∥1−m(p−1)k+1 +
C1
β

e[m(p−1)−1]βt − C1
β
 1
1−m(p−1)
, t ∈ [0, T1),
∥u∥k+1 ≡ 0, t ∈ [T1,∞),
where
T1 = 1[1−m(p− 1)]β ln

1+ β
C1
∥u0∥1−m(p−1)k+1

. (3.8)
(2) If N ≥ 2, 0 < m(p− 1) < N−2N+2 , taking r = N−p−Nm(p−1)p and multiplying (1.1) by ur , and integrating overΩ , we have
1
r + 1
d
dt
∥u∥r+1r+1 +
rmp−1pp
[m(p− 1)+ r]p
∇um(p−1)+rp p
p
= λ∥u∥m(p−1)+rm(p−1)+r − β∥u∥r+1r+1. (3.9)
Since λ1 = inf0≠v∈W1,p0 (Ω)

Ω |∇v|p dx
Ω |v|p dx , (3.9) turns into
1
r + 1
d
dt
∥u∥r+1r+1 +

rmp−1pp
[m(p− 1)+ r]p −
λ
λ1
∇um(p−1)+rp p
p
+ β∥u∥r+1r+1 ≤ 0. (3.10)
By the Sobolev embedding theorem, we have
∥u∥m(p−1)+rN[m(p−1)+r]
N−p
≤ γ−p
∇um(p−1)+rp p
p
. (3.11)
Since r = N−p−Nm(p−1)p , (3.11) turns into
γ−p∥u∥m(p−1)+rr+1 ≤
∇um(p−1)+rp p
p
. (3.12)
Using (3.10), (3.12), we infer
d
dt
∥u∥r+1 + C2∥u∥m(p−1)r+1 + β∥u∥r+1 ≤ 0, (3.13)
where
C2 =

rmp− 1pp
[m(p− 1)+ r]p −
λ
λ1

γ−p. (3.14)
Setting y(t) = ∥u(·, t)∥r+1, y(0) = ∥u0(·)∥r+1, and using Lemma 1, we have
∥u∥r+1 ≤

∥u0∥1−m(p−1)r+1 +
C2
β

e[m(p−1)−1]βt − C2
β
 1
1−m(p−1)
, t ∈ [0, T2),
∥u∥r+1 ≡ 0, t ∈ [T2,∞),
where
T2 = 1[1−m(p− 1)]β ln

1+ β
C2
∥u0∥1−m(p−1)r+1

. (3.15)
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(3) If N = 1, multiplying (1.1) by uk, and integrating overΩ , we have
1
k+ 1
d
dt
∥u∥k+1k+1 +
kmp−1pp
[m(p− 1)+ k]p
∇um(p−1)+kp p
p
= λ∥u∥m(p−1)+km(p−1)+k − β∥u∥k+1k+1. (3.16)
Since λ1 = inf0≠v∈W1,p0 (Ω)

Ω |∇v|p dx
Ω |v|p dx , (3.16) turns into
1
k+ 1
d
dt
∥u∥k+1k+1 +

kmp−1pp
[m(p− 1)+ k]p −
λ
λ1
∇um(p−1)+kp p
p
+ β∥u∥k+1k+1 ≤ 0. (3.17)
Using the Sobolev embedding theorem, we obtainum(p−1)+kp 
s
≤ γ
∇um(p−1)+kp 
p
, (3.18)
where γ > 0 is the embedding constant, and s ≥ p.
From (3.18), we infer
∥u∥m(p−1)+k[m(p−1)+k]s
p
≤ γ p
∇um(p−1)+kp p
p
. (3.19)
Taking s = p(k+1)m(p−1)+k , k = 1, (3.19) turns into
∥u∥m(p−1)+12 ≤ γ p
∇um(p−1)+1p p
p
. (3.20)
By (3.17), (3.20), we deduce
d
dt
∥u∥2 + C3∥u∥m(p−1)2 + β∥u∥2 ≤ 0, (3.21)
where
C3 =

mp−1pp
[m(p− 1)+ 1]p −
λ
λ1

γ−p. (3.22)
Setting y(t) = ∥u(·, t)∥2, y(0) = ∥u0(·)∥2, and using Lemma 1, we have
∥u∥2 ≤

∥u0∥1−m(p−1)2 +
C3
β

e[m(p−1)−1]βt − C3
β
 1
1−m(p−1)
, t ∈ [0, T3),
∥u∥2 ≡ 0, t ∈ [T3,∞),
where
T3 = 1[1−m(p− 1)]β ln

1+ β
C3
∥u0∥1−m(p−1)2

.  (3.23)
Secondly, we give the proof of Theorem 2.
Proof. (1) In the case of N ≥ 2, if m(p − 1) ≥ N−2N+2 , taking k = 2m(p−1)+2p − 1 and multiplying (1.1) by uk, and integrating
overΩ , we have
1
k+ 1
d
dt
∥u∥k+1k+1 +
kmp−1pp
[m(p− 1)+ k]p
∇um(p−1)+kp p
p
= λ∥u∥q+kq+k − β∥u∥k+1k+1. (3.24)
By (3.5), (3.24) turns into
1
k+ 1
d
dt
∥u∥k+1k+1 +
kmp−1pp
[m(p− 1)+ k]p |Ω|
N−p
N −m(p−1)+kk+1 γ−p∥u∥m(p−1)+kk+1 + β∥u∥k+1k+1 ≤ λ∥u∥q+kq+k. (3.25)
Using Hölder’s inequality, we infer
∥u∥k+qk+q ≤ |Ω|
1−q
k+1 ∥u∥k+qk+1. (3.26)
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By (3.25), (3.26), we have
d
dt
∥u∥k+1 + C4∥u∥m(p−1)k+1 + β∥u∥k+1 ≤ λ|Ω|
1−q
k+1 ∥u∥qk+1, (3.27)
where
C4 = km
p−1pp
[m(p− 1)+ k]p |Ω|
N−p
N −m(p−1)+kk+1 γ−p. (3.28)
By Lemma 2, we know that there exist α1 > β , B1 > 0 such that
0 ≤ ∥u∥k+1 ≤ B1e−α1t , t ≥ 0.
Furthermore, there exists T4 such that
C4 − λ|Ω| 1−qk+1 ∥u∥q−m(p−1)k+1 ≥ C4 − λ|Ω|
1−q
k+1 (B1e−α1T4)q−m(p−1) = C5 > 0, (3.29)
as t ∈ [T4,∞).
Therefore, (3.19) turns into
d
dt
∥u∥k+1 + C5∥u∥m(p−1)k+1 + β∥u∥k+1 ≤ 0. (3.30)
From Lemma 1, we deduce
∥u(·, t)∥k+1 ≤

∥u(·, T4)∥1−m(p−1)k+1 +
C5
β

e[m(p−1)−1]β(t−T4) − C5
β
 1
1−m(p−1)
, t ∈ [T4, T5),
∥u(·, t)∥k+1 ≡ 0, t ∈ [T5,+∞),
where
T5 = 1[1−m(p− 1)]β ln

1+ β
C5
∥u(·, T4)∥1−m(p−1)k+1

. (3.31)
If 0 < m(p− 1) < N−2N+2 , taking r = N−p−Nm(p−1)p and multiplying (1.1) by ur , and integrating overΩ , we have
1
r + 1
d
dt
∥u∥r+1r+1 +
rmp−1pp
[m(p− 1)+ r]p
∇um(p−1)+rp p
p
= λ∥u∥q+rq+r − β∥u∥r+1r+1. (3.32)
By (3.12), (3.32), we infer
1
r + 1
d
dt
∥u∥r+1r+1 +
rmp−1pp
[m(p− 1)+ r]p γ
−p∥u∥m(p−1)+rr+1 + β∥u∥r+1r+1 ≤ λ∥u∥q+rq+r . (3.33)
Using Hölder’s inequality, we infer
∥u∥r+qr+q ≤ |Ω|
1−q
r+1 ∥u∥r+qr+1. (3.34)
By (3.34), (3.33) turns into
d
dt
∥u∥r+1 + C6∥u∥m(p−1)r+1 + β∥u∥r+1 ≤ λ|Ω|
1−q
r+1 ∥u∥qr+1, (3.35)
where
C6 = rm
p−1pp
[m(p− 1)+ r]p γ
−p. (3.36)
By Lemma 2, we know that there exist α2 > β , B2 > 0 such that
0 ≤ ∥u∥r+1 ≤ B2e−α2t , t ≥ 0.
Furthermore, there exists T6 such that
C6 − λ|Ω| 1−qr+1 ∥u∥q−m(p−1)r+1 ≥ C6 − λ|Ω|
1−q
r+1 (B2e−α2T6)q−m(p−1) = C7 > 0, (3.37)
as t ∈ [T6,∞).
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Therefore, (3.35) turns into
d
dt
∥u∥r+1 + C7∥u∥m(p−1)r+1 + β∥u∥r+1 ≤ 0. (3.38)
From Lemma 1, we deduce
∥u(·, t)∥r+1 ≤

∥u(·, T6)∥1−m(p−1)r+1 +
C7
β

e[m(p−1)−1]β(t−T6) − C7
β
 1
1−m(p−1)
, t ∈ [T6, T7),
∥u(·, t)∥r+1 ≡ 0, t ∈ [T7,+∞),
where
T7 = 1[1−m(p− 1)]β ln

1+ β
C7
∥u(·, T6)∥1−m(p−1)r+1

. (3.39)
(2) If N = 1, multiplying (1.1) by uk, and integrating overΩ , we have
1
k+ 1
d
dt
∥u∥k+1k+1 +
kmp−1pp
[m(p− 1)+ k]p
∇um(p−1)+kp p
p
= λ∥u∥q+kq+k − β∥u∥k+1k+1. (3.40)
Using the Sobolev embedding theorem, we obtain
∥u∥m(p−1)+k[m(p−1)+k]s
p
≤ γ p
∇um(p−1)+kp p
p
, (3.41)
where γ > 0 is the embedding constant, and s ≥ p.
Taking s = p(k+1)m(p−1)+k , k = 1, (3.41) turns into
∥u∥m(p−1)+12 ≤ γ p
∇um(p−1)+1p p
p
. (3.42)
By (3.40), (3.42), we deduce
1
2
d
dt
∥u∥22 +
mp−1pp
[m(p− 1)+ 1]p γ
−p∥u∥m(p−1)+12 + β∥u∥22 ≤ λ∥u∥q+1q+1. (3.43)
Using Hölder’s inequality, we infer
∥u∥q+1q+1 ≤ |Ω|
1−q
2 ∥u∥q+12 . (3.44)
By (3.44), (3.43) turns into
d
dt
∥u∥2 + C8∥u∥m(p−1)2 + β∥u∥2 ≤ λ|Ω|
1−q
2 ∥u∥q2, (3.45)
where
C8 = m
p−1pp
[m(p− 1)+ 1]p γ
−p. (3.46)
By Lemma 2, we know that there exist α3 > β, B3 > 0 such that
0 ≤ ∥u∥k+1 ≤ B3e−α3t , t ≥ 0.
Furthermore, there exists T8 such that
C8 − λ|Ω| 1−qk+1 ∥u∥q−m(p−1)k+1 ≥ C8 − λ|Ω|
1−q
k+1 (B3e−α3T8)q−m(p−1) = C9 > 0, (3.47)
as t ∈ [T8,∞).
Therefore, (3.45) turns into
d
dt
∥u∥2 + C9∥u∥m(p−1)2 + β∥u∥2 ≤ 0. (3.48)
From Lemma 1, we deduce
∥u(·, t)∥2 ≤

∥u(·, T8)∥1−m(p−1)k+1 +
C9
β

e[m(p−1)−1]β(t−T8) − C9
β
 1
1−m(p−1)
, t ∈ [T8, T9),
∥u(·, t)∥2 ≡ 0, t ∈ [T9,+∞),
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where
T9 = 1[1−m(p− 1)]β ln

1+ β
C9
∥u(·, T8)∥1−m(p−1)2

.  (3.49)
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